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ABSTRACT 
In this paper, we generalized Daubechies'[2] results on 
1D wavelets to 2D, and elucidated the conditions in 
which a family of Gabor wavelets will provide a com- 
plete representation of an image. We found that the 
phase space (scale, orientation, x, y) sampling density 
of the striate cortical simple cells is sufficiently dense 
to form a tight wavelet frame. This tight frame ap- 
proximates the continuous wavelet transform, and its 
redundancy allows high resolution information to be 
represented in the low-resolution firings of the sim- 
ple cells. We presented some experimental results to 
demonstrate this idea. 

I. GABOR WAVELET REPRESENTATION 

Simple cells in the primary visual cortex are known 
to be self-similar in their receptive field structures, i.e. 
the ratio of frequency bandwidth of a cell and its tuned 
spatial frequency is more or less a constant. Each sim- 
ple cell's receptive field can typically be characterized 
by a Gabor elementary function with a 2:l  aspect ratio 
and 1.5 octave in frequency bandwidth. A family of 
these cells sample the frequency domain in a log-polar 
fashion [3], [l], [5]. Imposing these constraints, and 
adding the requirement that admissible wavelets must 
have zero d.c., we derive the following family of Gabor 
wavelets, which is a function of 4 continuous variables, 

.e- $( - ss in  8+y cos8)' 

, ~ e i ( w r c o s ~ + w y s i n 8 )  - (1) 

where E is the spatial frequency along 1: and v is the 
spatial frequency along y. w = d w  is the radial 
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frequency and 0 is the wavelet orientation, i.e. 0 = 
tan-'(./(). The Gabor wavelet is centered at (-2 = 
0, y = 0) and the normalization factor is such that < 
$,$ >= 1 .  

This family of wavelets can be generated through 
scaling and rotation from the following mother Gabor 
wavelet, 

whose Fourier transform is 

q j ( , ~ ,  = & { ~ - $ I ( C - ~ ) ~ + ~ U ~ I  - (3) 

where k is a constant which depends on the frequency 
bandwidth of the wavelet. For 1.5 octave bandwidth, 
k = 2.5.  For 1 octave bandwidth, k = T .  Each member 
of a discrete family of the Gabor-wavelets models the 
spatial structure of the receptive field of a simple cell. 
A set of such wavelets of 1 scale is shown in figure 1. 

2. FRAME AND COMPLETENESS 

For a discrete set of functions {+m,n; m, n E 2 )  to con- 
stitute a frame, there should exist A > 0 and B < 00 

such that 

Allf ) I 2  I I < f, l h L , n , k , l  > l 2  I Bllf 1 1 2  (4) 
m,n,kJ 

for all f E L 2 ( R ) .  A and B are called frame bounds. 
When a discrete family of Gabor wavelets forms a 

frame, they can provide a complete representation of 
the input functions f [2]. A discrete family of admis- 
sible 2D wavelets can be generated from the mother 
wavelet by dilation and rotation, 

$m,n,k,~(x,  Y) = G m $ e , ( a i m x  - nb,, ai"y - kb , )  (5) 

where &,(-2, y) = $(z cos(l0,)+ysin(l0,), --2 sin(lO,)+ 
ysin(l0,)); $ is specified by equation 2; 0, is the sam- 
pling interval in orientation and I is the index for the 
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Figure 1: Gabor wavelets (1.5 octave bandwidth) of 
one particular scale. Top row: odd symmetric wavelets; 
bottom row: even symmetric wavelets. 

orientation sampling steps. a i m  is the scale dilation. 
The (x, y) domain is sampled by each wavelet in a uni- 
form spatial lattice with horizontal and vertical trans- 
lation interval aTb,.  This is called the discrete wavelet 
transform. 

The Fourier transform of the 2D wavelet is given 
by, 

4 m , n , k , l ( U ,  U) = ay$e ,  ( a y < ,  U ~ v ) e - i a ~ b o n e e - d a ~ b o k V  

where $e l (< ,  v) = ~(~cos(lO,)+vsin(IO,), -<sin(IO,)+ 
vsin(l8,)) and 4 is specified in equation 3. 

2.1. Derivation of Frame Bounds 

The frame bounds for 2D Gabor wavelets are obtained 
by generalizing Daubechies' [2] approach for calculating 
the frame bounds for 1D wavelet. First, we sum up the 
power of all the wavelets in response to a input function 
f ,  

P is a principle term corresponding to ( p  = 0 , q  = 0) 
and R is a residue term corresponding to ( p  # 0, q # 0). 
The principle term, the sum of the response power of 
all the wavelets to f is given by, 

where set I = { 0 , 1 , 2 , 3  ...& - 1) and Q is the total 
number of sampling orientations. 

Figure 2: The wavelet power term F(<,  v )  of the prin- 
ciple term P .  It is periodic along the orientation 
axis, and shows dilating oscillation along the radial fre- 
quency axis. Power spectrum in a fundamental sector 
S is repeated in its dilated and rotated (self-similar) 
version to cover and partition the frequency space. 

The principal term's wavelet power 

exhibits an interesting property. Because of the self- 
similarity of the wavelets in both the spectral and spa- 
tial domains, the power spectrum of this sum is also 
self-similar in the sense that the profile of a fundamen- 
tal section of the spectrum is repeated in its dilated and 
rotated version to cover the whole frequency domain, 
as illustrated in figure 2, i.e. 

and 

F ( t  cos(IO,)+v sin(IO,), -< sin(IO,)+v cos(IO,)) = F(<,  v). 

Therefore, the infimum and supremum of F over 
the whole spectrum is equivalent to the infimum and 
supremum of F over a fundamental sector S, where S 
is defined by 1 < d w  < a ,  and 0 < tan(:) < 6. 

As a result, the product of the infimum and supre- 
mum of F over S with the power spectrum of the input 
function provides the lower and upper bounds of the 
principle term respectively. 

< ( SUP F)llfl12 
c ,vES 

The residue term R sums all the cross product of 
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each wavelet and its dilated and rotated version, 

using Cauchy-Schwarz on the sum over m and 1. 
The residue term's power is also self-similar. Its 

supremum and infimum over the whole spectrum is also 
equal to its supremum and infimum over S ,  therefore, 
we can write, 

Thus, the infimum and supremum of the wavelet 

for the voices, ranging from 0 to N - 1. This is called 
the multivoice sampling scheme. Within each octave, 
the scale of the wavelet is changed but its spatial sam- 
pling interval is not changed [SI. For 2 D ,  the family of 
fractionally dilated wavelets is given by 

and its Fourier transform is 

@ , ( E ,  v >  = *e, ( 2 9 I N < ,  2"lNy) (8) 

Therefore, the frame bounds for the 2D Gabor wavelet 
with suboctave sampling are given by 

where 

output power are bounded by the following frame bounds, 

e=+ , -  ( P , Q ) f ( 0 , 0 )  

2.2. Multivoice Complex Gabor Wavelets 

We now introduce two additional complications: 1, 
Gabor wavelets are complex; and 2, there is suboc- 
tave sampling in the frequency domain. When a ,  = 
2 ,  the frequency space is being sampled every octave. 
When the frequency space is sampled suboctavely, the 
frame would become tighter, i.e. A -+ B. Gross- 
mann, Kronland-Martinet and Morlet [6] proposed to 
construct a frame based on "fractionally" dilated ver- 
sions of a single 1D wavelet $: 

$"x) = 2-7/N?)(2-'7/'%) 

where N is called the number of voices (the number 
of sampling step per octave) and 17 is an integer index 

and 

+4; , ( -a :E>  -.:.)I 
16;,(aYE + s ,  aYv  + t )  
+c*:,(-aYE - s, -a;v - t ) l )  

Note that the supremum and the infimum is evalu- 
ated for ( E ,  v E S ) ,  where the fundamental sector S is 
defined by 1 < d w  < a ,  and 0 < tan( f )  < 6. 

3. FRAME BOUNDS AND 
RECONSTRUCTION RESULTS 

Psychological and physiological evidence [5] , [8] indi- 
cate that the frequency sampling intervals are about 
1/3 or 1/4 of an octave, and that there are at least 16 
orientations per hypercolumns, and the receptive fields 
of one hypercolumn overlaps about a half of the recep- 
tive fields of the adjacent hypercolumns. Therefore, the 
cortical sampling rate is about 16 orientation per 180°, 
3 scale steps per octave, and space sampling interval 
= 0.4X ( A  is the wavelength of the filter). 
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The frame bounds for different sampling in orienta- 
tion K and voices N ,  with bo = 0.8 (i.e. Ax = 0.4X) 
are computed and tabulated below, 

N = l  

4 
6 

N = 3  

19.371 136.325 7.037 
68.006 143.968 2.117 

K I  A I  B 1 B/A 
2 1  

8 I 118.762 
12 I 201.764 

160.924 I 1.355 
217.430 I 1.078 

16 
20 

272.870 I 286.052 I 1.048 
341.454 I 357.199 I 1.046 

As we can see, the frame contracts to become tighter 
with the increase in phase space (scale, orientation, 
x, y) sampling density. The cortical sampling rate in 
phase space enables the discrete set of Gabor wavelets 
to form an almost tight frame. 

It was previously thought that an iterative method 
has to be used to reconstruct the image from the Gabor 
filter responses because of their nonorthogonality [4]. 
The original function f can be reconstructed from a 
set of coefficients Cm,n,k,i by 

where I , / I ~ , ~ , ~ , {  is the discrete familyof 2D Gabor wavelets 
specified in equation 5, and the coefficients are obtained 
by minimizing an error cost functionE, 

E = I f -  c m , n , k , ? .  I,/Im,n,k,(l’ (12) 
m,n ,k , l  

However, the theory on wavelet frame (21 suggests 
that when the frame become almost tight, an image can 
be approximately reconstructed by linear summation as 
follows, 

Figure 3A presents the original image and figure 3B 
the reconstruction result using linear summation with 

A: original image B: by linear summation 

Figure 3: The original input function and its recon- 
struction using noniterative simple summation. bo = 
0.8. 

A: by linear summation B: by iterative method 

Figure 4: Reconstruction of original image using nonit- 
erative simple summation and iterative error minimiza- 
tion. bo = 0.8. 

Q = 8, N = 1, a ,  = 2, bo = 0.8. It shows that good 
approximation of the original image can be obtained by 
simple linear summation of the Gabor wavelet bases. 

Figure 4A presents the reconstruction results with 
only 3 orientations (& = 3, N = 1, a,  = 2, bo = 0.8). 
Since the frame is very loose, the reconstruction by 
simple summation is not adequate. But the iterative 
method, its result shown in figure 4B, does provide a 
reasonable reconstruction, demonstrating that 3 orien- 
tations is sufficient to form a frame and provide a com- 
plete representation. In fact, 2 orientations is the the- 
oretical minimal requirement for a frame even though 
our frame bound estimate above cannot confirm it. 

A tight frame provides a high degree of redundancy, 
which allow information to be distributed to a popula- 
tion of representational elements (i.e. Gabor wavelets 
or simple cells). This strategy is called ‘population cod- 
ing’ or ‘coarse coding’. Figure 5 shows the reconstruc- 
tion of an image from Gabor wavelet coefficients (or 
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8 bit resolution 4 bit resolution 

3 bit resolution 2 bit resolution 

Figure 5: Reconstruction of image ‘lady’ using simple 
summation with coefficients discretized to 4 bits, 3 bits 
and 2 bits respectively. 

simple cell responses) which have been discretized to 8 
bits, 4 bits, 3 bits and 2 bits respectively. We can see 
that the original image can be successfully represented 
when the firing rates of the cells are only 4 bits or even 
3 bits in resolution. 

4. IMPLICATIONS 

Our work shows that the striate cortical cells’ sam- 
pling density in phase space is sufficient to form a tight 
frame, which allows the cells to approximate a contin- 
uous wavelet transform. In fact, increasing the sam- 
pling density beyond the cortical sampling density ( 16 
orientations and 3 frequency steps per octave) doesn’t 
significantly tighten the frame further. 

There are many advantages for having a tight frame 
representation. First, one can treat the basis func- 
tions as they were orthonormal bases and can rapidly 
reconstruct an image using the same basis functions 
by linear summation. Secondly, the reconstruction is 
much more stable. Thirdly, the size of the coefficients 
in the wavelet expansion (i.e. firing rates of the cells) 
would not become artificially large as in expansion us- 
ing highly nonorthogonal basis functions which must 
be subtracted. Fourthly, by being overcomplete and 
redundant, it provides a robust coarse coding strategy, 

allowing high resolution information to be represented 
by low-resolution neurons. 

Obviously, the visual cortex is probably more inter- 
ested in extracting information than representing the 
retinal image in a more efficient or robust way. The 
Gabor-wavelets provide directional derivatives of the 
retinal signals. Having a tight frame allows the di- 
rectional derivatives to be taken in 0 direction and ~7 

scale in almost a continuous manner. With a contin- 
uous representation of orientation, there is no need to 
recompute and extract the direction of contrast from 
the distributed responses of a set of neurons of different 
orientations. The boundary of an image object can be 
represented simply by winner cells of a particular ori- 
entation, making orientation information explicit and 
readily available to different higher cortical areas. 
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